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ABSTRACT 



We present a version of ten-dimensional IIA supergravity containing a 9-form 
potential for which the field equations are equivalent to those of the standard, 
massless, IIA theory for vanishing 10-form field strength, Fio, and to those of the 
'massive' IIA theory for non- vanishing Fio- We present a multi 8-brane solution of 
these equations that generalizes the 8-brane of Polchinski and Witten. We show 
that this solution is T-dual to a new multi 7-brane solution of S 1 compactified IIB 
supergravity, and that the latter is T-dual to the IIA 6-brane. When combined 
with the SI (2; Z) U-duality of the type IIB superstring, the T-duality between type 
II 7-branes and 8-branes implies a quantization of the cosmological constant of type 
IIA superstring theory. These results are made possible by the construction of a 
new massive N=2 D=9 supergravity theory. We also discuss the 11-dimensional 
interpretation of these type II p-branes. 
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1. Introduction 



Recent advances in our understanding of non-perturbative superstring theory 
have led to the establishment of many connections between hitherto unrelated 
superstring theories. Many of these connections involve p-brane solutions of the 
respective supergravity theories that couple to the (p+l)-form potentials in the 
Ramond-Ramond (RR) sector. Most of these RR p-branes, and all of the IIA 
ones, are singular as solutions of ten-dimensional (D=10) supergravity, so their 
status in superstring theory was unclear until recently (see [1] for a recent review). 
It now appears [2] that the RR p-branes of type II supergravity theories have their 
place in type II superstring theory as 'Dirichlet-branes', or 'D-branes' [3]. These 
include the p-branes for p = 0,2,4,6 in the type IIA case and the p-branes for 
p — 1, 3, 5 in the type IIB case. However, they also include a type IIB 7-brane, and 
a type IIA 8-brane and it is possible to view the D=10 spacetime as a type IIB 
9-brane [2]. Note that since the dual of a p-brane in D=10 is a (6 — p)-brane, only 
p-branes with p < 6 have duals with p > for which a standard (Minkowski space) 
interpretation is available*, so the p-branes with p > 7 have implications that 
are qualitatively different from those with p < 6. This difference is also apparent 
in the p-brane solutions of the effective IIA or IIB supergravity field equations. 
These solutions generally involve a function that is harmonic on the (9 — p)-space 
'transverse' to the (p + l)-dimensional worldvolume of the p-brane. For p < 6 the 
transverse space has dimension 3 or greater so there exist harmonic functions that 
are constant at infinity, but for p > 7 the transverse space has dimension 2 or less 
and the asymptotic properties are therefore qualitatively different. Partly for this 
reason little attention has been given so far to the p > 7 branes. 

Since p-branes couple naturally to (p+l)-form potentials, one expects to find 
a stable p-brane solution of a supergravity theory only if it includes a (p + l)-form 
potential. From this perspective the IIB D=10 7-brane is the most straightforward 

* The IIB 7-brane has a (-l)-brane dual, but the latter has an interpretation as an instanton 
[4]- 
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of the p > 7 cases because the pseudo-scalar field of IIB supergravity can be 
exchanged for its 8-form dual. Indeed, a type IIB 7-brane solution has recently 
been described [4]; it can be viewed as a dimensional 'oxidation' of the 'stringy 
cosmic string' solution of [5]. However, this class of 7-brane solutions is specific to 
the uncompactified IIB supergravity and is therefore not expected to be related by 
T-duality to other type II p-branes. Here we shall present a new class of multi 7- 
brane solutions of the S^-compactified IIB supergravity. In the decompactification 
limit the new solutions reduce to the trivial D=10 Minkowski spacetime solution. 
Nevertheless, as we shall see, these solutions are T-dual to both the 6-brane and 
the IIA 8-brane solutions of the IIA theory. 

The existence of an 8-brane solution of IIA supergravity is obscured by the ab- 
sence of a 9-form potential, Ag, in the standard IIA supergravity theory. However, 
there is one in type IIA superstring theory [2] and this suggests that it should be 
possible to introduce one into the IIA supergravity theory. The 9-form potential 
would have a 10-form field-strength Fio- Assuming a standard kinetic term of 
the form Ff Q , the inclusion of this field does not lead to any additional degrees of 
freedom (per spacetime point) and so is not immediately ruled out by supersym- 
metry considerations, but it allows the introduction of a cosmological constant, 
as explained many years ago in the context of a four-form field strength in four- 
dimensional field theories [6, 7]. As it happens, a version of type IIA supergravity 
theory with a cosmological constant was constructed (up to quartic fermion terms) 
some time ago by Romans [8], who called it the 'massive' IIA supergravity theory; 
the complete construction via superspace methods was found subsequently [9]. It 
has been argued that the existence of the massive IIA supergravity is related to the 
existence of the 9-form potential of type IIA superstring theory [2] . Here we shall 
confirm this suggestion by reformulating the massive IIA supergravity through the 
introduction of a 9-form potential^. The new theory has the advantage that its 
solutions include those of both the massless and the massive IIA theory. We pro- 

f Strictly speaking we do this only for the bosonic Lagrangian, but the method guarantees 
the existence of a fermionic extension to a full supergravity theory. 
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pose this new IIA supergravity theory as the effective field theory of the type IIA 
superstring, allowing for the 9-form potential. It has been suggested [2,10] that the 
expectation value of the dual of this 10-form field strength should be interpreted 
as the cosmological constant of the massive IIA supergravity theory. One result 
of this paper is the determination of the precise relation between these quantities; 
they are conjugate variables in a sense discussed previously in the D=4 context 
[11]. 

The massive IIA supergravity theory has the peculiarity that D=10 Minkowski 
spacetime is not a solution of the field equations (and neither is the product of 
D=4 Minkowski spacetime with a Calabi-Yau space). Various Kaluza-Klein (KK) 
type solutions were found by Romans but none of them were supersymmetric, 
i.e. his solutions break all the supersymmetries. A supersymmetric multi 8-brane 
configuration was recently proposed as a solution of the Killing spinor condition 
in an appropriate bosonic background [12]. We verify that this is a solution of the 
field equations of the new IIA supergravity theory and we present a generalization 
of it. The solutions are all singular at the 'centres' of the metric, i.e. the 8-brane 
positions, but this is a general feature of RR p-branes. 

It is known that after compactification on S 1 the perturbative type IIA and 
type IIB superstrings are equivalent [3,13], being related by a Z2 T-duality trans- 
formation that takes the radius R of the S 1 of one superstring theory into a radius 
l/R, in appropriate units, of the other superstring theory. It follows that the same 
effective N=2 D=9 field theory should be obtained by dimensional reduction of 
either the IIA or IIB theory in D=10, and this is in fact the case [14]. If this Z2 
T-duality is valid non-perturbatively too, then p-brane solutions of the IIA theory 
must correspond to p-brane solutions of the IIB theory and vice-versa, in the sense 
that there are solutions of either the IIA or the IIB theory that reduce to the 
same solution of the S^-compactified theory. In particular the double-dimensional 
reduction to D=9 of a given IIA 8-brane should be equivalent to the direct reduc- 
tion to D=9 of some IIB 7-brane. There is a potential difficulty in verifying this 
because the relevant D=9 theory must be a massive N=2 supergravity theory. It 
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is not too difficult to see how to obtain a massive N=2 D=9 supergravity from 
the massive D=10 IIA theory but it is not so obvious how the resulting theory 
may also be obtained from the (necessarily massless) D=10 IIB theory, although it 
must be possible if T-duality is to be valid non-perturbatively. As we shall show, 
it is possible by an application of a mechanism for obtaining a massive theory in 
a lower dimension from a massless one in a higher dimension. This mechanism 
is essentially that of Scherk and Schwarz [15] but in our case supersymmetry is 
preserved by the reduction. This result allows us to map 8-brane solutions of the 
D=10 IIA theory into 7-brane solutions of the IIB theory, and vice-versa. 

These IIB 7-brane and IIA 8-brane solutions may be seen as the effective 
field theory realization of the associated D-branes of the corresponding type II 
superstring theory. In this context, the Sl(2; M) symmetry of the IIB supergravity 
is expected to be replaced by an S7(2;Z) U-duality [16], which amounts to an 
identification of points in the space 57(2, R)/C/(l) of IIB vacua that differ by the 
action of 57(2, Z). One interesting consequence of this IIB duality, when combined 
with the T-duality of the 7-brane and 8-brane, is a quantization of the cosmological 
constant of the S -compactified IIA superstring theory . 

The organisation of this article is as follows. In section 2, we begin with a review 
of the massive IIA supergravity, introducing some simplifications. In section 3, we 
construct the new formulation of the bosonic sector of this theory, incorporating the 
9-form gauge field A$, in which the cosmological constant emerges as an integration 
constant. In section 4, we construct supersymmetric multi 8-brane solutions of 
the massive IIA supergravity theory, some of which are asymptotically flat. In 
section 5, we show how both the massive IIA supergravity and the (massless) 
IIB supergravity theories may be dimensionally reduced to yield a new D=9 N=2 
massive supergravity theory. We then use this to establish the massive Type II T 
duality rules. In section 6, we construct the most general seven brane solutions of 
the IIB theory that are both compatible with the KK ansatz and preserve half the 

★ We thank John Schwarz for suggesting this possibility to us. 
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super symmetry. We then show that the massless T duality transformations take 
this solution to the IIA 6-brane while the massive T-duality transformations take 
it to the IIA 8-brane solution. In section 7 we further comment on the relation to 
type IIA superstring theory and the quantization of the cosmological constant, and 
on the connection to D=ll 'M-theory'. Finally, in Appendix A we give a simplified 
formulation of the supersymmetry transformations of IIB supergravity. 



2. The massive D=10 IIA supergravity 

The bosonic field content of the massive IIA D=10 supergravity theory com- 
prises (in our notation) the (Einstein) metric, g^ E \ the dilaton, a, a massive 2- form 
tensor field B' and a three-form potential C . One introduces the field-strengths 

G = AdC + 6m{B') 2 

(2-1) 

H = 3dB' 

where m is a mass parameter. The Lagrangian for these fields is [8] 



R _ h da f _ l - e -°\ H \ 2 - -e^\G\ 2 - m 2 e^\B'\ 2 - -m 2 e^ 
2 3 12 ! o 



+ -e[dC'dC'B' + mdC'(B') 3 + — m 2 (B'f] . 
9 20 

(2.2) 

The notation for forms being used here is that a g-form Q has components QM x ...M q 
given by 

Q = QM 1 ...M q dx Ml A ... A dx M « . (2.3) 
Thus, the (l/9)edC'dC'B f term in (2.2) is shorthand for 

-e Ml --- Ml0 dM 1 C' M2M3M4 dM 5 C' M6MrMs B M9Ml0 . (2.4) 

As explained in [8] the massless limit is not found by simply setting m = in 
(2.2) because the supersymmetry transformations involve terms containing vrT 1 . 
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Instead, one first makes the field redefinitions 



B' = B + —dA 

m 

C' = C- —AdA 

m 



This redefinition introduces the gauge invariance 



(2.5) 



5 A = -mA 

5B = 2dA (2.6) 



5C = 12 Ad A 

for which the gauge-invariant field strengths are 



F = 2dA + mB 

H = 3dB (2.7) 
G = 4dC + 24BdA + QmB 2 . 



The bosonic Lagrangian of the massive IIA theory is now 



C = yf^W [r {e) - l\d*f - ±e-°\H\* - ^|G| 2 - el-|F| 2 - \m\^~ 

+ \e[dCdCB + 6dCB 2 dA + 12(dA) 2 B 3 + mdCB 3 + \mB^dA + ^-m 2 (B) 5 ] , 
9 2 20 

(2.8) 

and the bosonic Lagrangian of the massless IIA theory can now be found by taking 
the m — > limit. 

The Lagrangian (2.8) can be simplified by the further redefinition 

C = C- 6AB . (2.9) 
The A-gauge transformation of the new 3-form C is 

SC = -QmAB (2.10) 
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and the gauge-invariant field strengths, F, H, and G are now given by 

F = 2dA + mB 
H = MB 

G = 4dC + 2AAdB + QmB 2 . 



(2.11) 



At the same time, to make contact with string theory, it is convenient to introduce 
the string metric 



9MN 



e *°9mn ■ 



(2.12) 



The bosonic Lagrangian now takes the simple form 



C = V=9~{e [R + 4|<9a| 2 - -\H\ 2 ] - | 

o 

+ ^e[dCdCB + mdCB 3 + ^m 2 (Bf] 



(2.13) 



Observe that the final topological term is simply a type of Chern-Simons (CS) 
term associated with the 11-form G 2 H. Thus, the bosonic action of the massive 
type IIA supergravity theory can be written as 



J d w x V=g{e 



-2a 



R + 4\daf 



Urn 



i|G| 
12 1 1 



1 2\ 

—m > 

2 / 



Mi 



1 

+ 9 



(2.14) 



G 2 H , 



where Ai\\ is an 11-manifold with boundary M.\q. Apart from the cosmological 
constant, the m-dependent terms in the action can be simply understood as arising 
from the replacement of the usual m-independent field strengths of the massless 
type IIA theory by their m-dependent generalizations (2.11). Furthermore, the m- 
dependence of these field strengths is completely fixed by the 'Stueckelberg' gauge 
transformation 5 A = —mA of A, as are the remaining A-transformations. The 
relation of the constant m appearing in this transformation with the cosmological 
constant cannot be understood purely within the context of the bosonic Lagrangian 
but is, of course, fixed by supersymmetry. 
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Observe that the cosmological constant term in (2.14) is now (in the string 
metric) independent of the dilaton. This is typical of the RR sector and is consistent 
with the idea that to can be interpreted as the expectation value of the dual of a 
RR 10-form field strength. This interpretation would have the additional virtue of 
restoring the invariance under the discrete symmetry in which all RR fields change 
sign, a symmetry that is broken by the terms linear in to in (2.13). We shall now 
show how to reformulate the massive IIA theory along these lines. As we shall see 
the cosmological constant is simply related to, but not equal to, the expectation 
value of the ten-form field strength. 



3. D=10 IIA supergravity with 9-form potential 

We shall start with the bosonic Lagrangian of (2.13). Expanding in powers of 
to, the associated action /(to) is 

/(to) = 1(0) + J d w x {2m^j[(dC + 6MB) ■ B 2 - 2dA ■ B] + jsdCB 3 ] 



1 r n ™2 

2 / 

-to y—q 

2 v y 



I + 2\B\ 2 + Q\B 2 \ 2 



(3.1) 

where 1(0) is the bosonic action of the massless IIA supergravity theory. We now 
promote the constant to to a field M(x), at the same time introducing a 9-form 
potential Ag as a Lagrange multipler for the constraint dM = 0. Omitting a surface 
term, the Lagrange multiplier term can be rewritten as 

10 edAgM . (3.2) 

The Ag field equation implies that M = m, for some constant to, so the remaining 
equations are equivalent to those of the massive IIA theory except that the constant 
to is now arbitrary and that we now have an additional field equation from varying 
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M. This additional equation is 



5M(xj ~ - £Fl ° (3 ' 3) 

where I(M) is the action (3.1) but with M replacing m, and Fio = 10 dAg is the 
10-form field strength of Ag. Thus the M equation simply determines the new 
field strength Fio- Observe that the expectation value of (eFiq) is not equal to the 
expectation value of ^—gM, as a matter of principle (although it may equal it in 
special backgrounds), but is rather the value of the variable canonically conjugate 
to it. 

Note that the gauge and supersymmetry transformations of the action I(M) 
no longer vanish. However, the variations of I(M) are proportional to dM and can 
therefore be cancelled by a variation of the new 9- form gauge potential Ag. This 
determines the gauge and supersymmetry transformations of Ag. The supersym- 
metry variation will not be needed for our purposes so we omit it. The A-gauge 
transformation of Ag found in this way is 

5{eAg) = -y/=g\A ■ F + (AB) ■ g] - —e(2AdCB 2 + MAB 4 ) . (3.4) 
5 . . 30 

We now have a new gauge-invariant bosonic action 

I(M) + J d w x MeF w . (3.5) 

The field M can now be treated as an auxiliary field that can be eliminated via its 
field equation 

^f^M = K- l (B){e{F 1 Q + ^dCB*)+2^^[(dC + QAdB)-B 2 -2dA-B}} , (3.6) 



where 



K(B) = 1 + 2\B 2 \ + 6\B 2 \ 2 - ^^. gff 5 . (3.7) 
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Using this relation in (3.5) we arrive at the Lagrangian 

1 ^ 

Cnew = C +[^K{B)Y 1 {E{F 1 Q + -dCB*)+2^[{dC+QAdB)-B 2 -2dA-B}} 

(3.8) 

where Cq is the bosonic Lagrangian of the massless IIA theory. Note the non- 
polynomial structure of the new Lagrangian in the gauge field B. This greatly 
obscures the A-gauge invariance, which is ensured by the very complicated A-gauge 
transformation of Ag. 

The full IIA supergravity Lagrangian in the new formulation of course requires 
the inclusion of the fermion terms. Although we have not worked these out it 
should be clear from the above construction of the purely bosonic sector that they 
can be deduced directly from those in the 'old' formulation by following the above 
steps. Thus, the existence of the full IIA supergravity theory with 9-form potential 
is guaranteed. Presumably, there also exists an on-shell superspace formulation of 
the field equations of this new theory, which it would be of interest to find. We 
leave this problem to future investigations. 

4. The IIA D=10 Eightbrane 

The appearance of the 9-form potential in the above reformulation of the mas- 
sive IIA supergravity theory suggests the existence of an associated 8-brane solu- 
tion. We will find solutions of the equations of motion of (3.8) of the form 

ds 2 = f 2 (y) dx^dx^ + g 2 (y)dy 2 
a = a(y) (4.1) 

A) = Mv) 

with all other fields vanishing, and where rj is the Minkowski 9-metric. Such a 
solution will have 9-dimensional Poincare invariance and hence an interpretation 
as an 8-brane. We shall further require of such a solution that it preserve some 
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super symmetry, so we shall begin by considering the variation of the gravitino 
one-form ip and the dilatino A in the presence of configurations of the above form. 
The full variations of the massive IIA theory can be found in [8] in the Einstein- 
frame. They depend on the constant m. In the new theory, this constant is 
replaced by the function M given in (3.6). Here, however, we shall need the fermion 
variations in the string-frame. For M = these are implicit in the superspace 
results of [17]. For the backgrounds considered here, for which all fermions vanish 
and a/^M = eFiq, the M ^ string-frame fermion variations are most easily 
deduced from the Einstein-frame results of [8]. The result is 

5 e -0 = De + ^MeTe 
8 

S e \ = 1 -= (T M d M( r + -Me' 7 ) e 

For configurations of the assumed form, and further assuming that e depends 
only on y, the equations Sip = and 5\ = become 

= g- x e' + lMe a T y e 

o 

0={g- 1 f'T y + ±Mfe°)e (4.3) 
0= (y-V + ^Me%)e, 

where the prime indicates differentiation with respect to y and f are the constant, 
orthonormal frame basis, gamma-matrices. To find non-zero solutions for e we are 
now forced to suppose that e has a definite 'chirality' in the sense that 

f y e = ±e . (4.4) 

We then find that 

g~ l f = T-Mje° (4.5) 
13 



(4.2) 



and that 



■ 1 {e-')' = ±^M. (4.6) 



Eliminating M from these equations we deduce that / is proportional to e a ^. As 
we are free to rescale the coordinates x^ we may choose the constant of propor- 
tionality to be unity, without loss of generality. Thus, 

/ = e\° . (4.7) 



We are also free to choose g(y) to be any function that is non-singular where 
f(y) is non-singular*. For example, the choice g = f leads to a manifestly confor- 
mally flat form of the 8-brane metric. A solution in this form was given in [12]. 
We postpone a discussion of this solution until we have the general solution, to be 
given below. The choice of g that we shall make here is g — In this case, use 
of the Ag field equation M' = in (4.6) yields 

d 2 y (e-l°)=0. (4.8) 

The general solution is given in terms of a harmonic function H(y), the precise 
nature of which will be discussed shortly, i.e. 

e-l° = H{y) . (4.9) 

This leads to the 8-brane configuration 

ds 2 = if" 5 dx^dx v i]^ + mdy 2 
e~ 4a = H 5 (4.10) 
M = ±H' . 

where the prime indicates differentiation with respect to y. We have verified that 
this configuration is a solution of the full set of field equations. The Killing spinor 

★ i.e. where neither / nor / _1 vanish. 
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e is given by 



e = H *(y)e , r y e = ±e , 



(4.11) 



where eo is a constant spinor. 

It remains to determine the harmonic function H. Consider first the massive 
IIA theory for which the function M equals the (non-zero) constant m appearing 
in the Lagrangian, which we may choose to be positive. In this case 



for constant yo, where the sign depends on the choice of 'chirality' of e. However, 
H must be positive for real a, so the spinor e must change chirality at y = yo. 
This is possible because e blows up at y = yo\ Thus, the massive IIA theory has 
a solution for which 



Note that this is a continuous function of y with a kink singularity at y = yo, at 
which the curvature tensor has a delta function singularity. 

In the new IIA theory we may suppose that M is only locally constant. The 
form of the function H in this case depends on the type of point singularity that 
we allow. The above example suggests that we should require if to be a continuous 
function of y. There are solutions for which H is discontinuous but they have 5' 
type singularities of the curvature tensor, and we shall not consider them. In any 
case, the restriction to kink singularities produces physically sensible results, as we 
shall see. An example of a solution with a single kink singularity of H is 



where a, b and c are non-negative constants. We adopt this as the basic single 



f Presumably, this is acceptable because the metric is also singular at y — yo; in any case, we 
shall see below that this feature is not generic for the general 8-brane solution of the new 
IIA supergravity theory. 



H = ±m(y - y ) 



(4.12) 



H = m\y - y 



(4.13) 




y<0 
y>0 



(4.14) 
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8-brane solution. It can be interpreted as a domain wall separating regions with 
different values of M. The regions y — > ±00 are at infinite affine distance. The 
solution therefore has two asymptotic regions relative to which an 8-brane charge, 
Q±, may be defined as the value of M as y — > ±00. For the above solution, 

Q+ = c Q_ = a. (4.15) 

The constant b determines the value of a, and hence the value of the string coupling 
constant e a at the 8-brane core. In particular, if b = the string coupling constant 
goes to infinity at the core. Note that the solution (4.13) of the masive IIA theory 
is the special case for which a = c and 6 = 0. 

The multi 8-brane generalization of (4.14) with the same charges is found by 
allowing kink singularities of H at n+1 ordered points y — yo < y\ < y2 < ■ ■ ■ < y n - 
The function H is 

R = f ~a(y - yo) + Ya=i Vi(Vi - yo) + b y<yo 

1 (c- E"=iAOIy -yo\ + T,i=itH\y -vi\ + b y>yo 

where in are positive constants and a, b, c are non-negative constants. 

The asymptotically left-flat or right-flat solutions are those for which Q- = 
or Q + = 0, respectively. The asymptotically flat solutions are those which are both 
asymptotically left-flat and right-flat. An example of an asymptotically flat three 
8-brane solution is given by H = /U 2 ||y — yo\ — \y — yi\ \ + 7 2 , where /i and 7 are 
arbitrary constants. 

If we now introduce a new variable w(y) such that 

dw 1 

Ty =m < < 4 ' 17 > 
then the above 8-brane solution becomes 

ds 2 = Z~3(w) \dx ■ dx + dw 2 ] 

. L J (4-18) 

e -° = Ze( W ) , 
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where Z{w) is a harmonic function of w, related to H(y) by 

Z(w) = H*(y(w)) . (4.19) 

The 8-brane solution of [12] is of this form. For example, the single 8-brane of that 
reference corresponds to the special choice of H in (4.14) with b = 0. This can 
be seen from the fact that the conformal factor of the solution of [12] blows up at 
the position of the 8-brane, while this is true of the above 8-brane solution only if 
6 = 0. 

If the above 8-brane solutions are to be considered as a field theory realization 
of the Dirichlet 8-brane of type IIA superstring theory then one would expect them 
to be related by T-duality to both 7-brane and 9-brane solutions of IIB supergrav- 
ity Consider first the Dirichlet 9-brane; its field theory realization is just D=10 
Minkowski spacetime or, in the context of the S 1 compactified theory required for 
T-duality considerations, the product of S 1 with D=9 Minkowski spacetime. This 
spacetime can also be regarded as an 8-brane solution. T-duality requires that the 
same solution result from direct (as against double) dimensional reduction of the 
8-brane solution found above. This is indeed the case because compatibility with 
the KK reduction requires us to choose the harmonic function H to be constant, 
in which case M — 0. The dimensionally reduced solution is then precisely the 
product of S* 1 with D=9 Minkowski spacetime. 

Thus, the IIB 8-brane can be regarded as a T-dual of the IIB 9-brane. The 
more difficult task of determining the IIB 7-brane solutions to which the IIA 8- 
brane solutions are T-dual is what will occupy us for most of the remainder of this 
paper; it involves the construction of a new massive D=9 supergravity, to which 
we now turn our attention. 
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5. Massive D=9 N=2 supergravity 



The standard dimensional reduction to D=9 of either the massless IIA su- 
pergravity theory or the IIB supergravity theory yields the massless N=2 D=9 
supergravity theory [14] (see also [18]). Here we shall construct a massive N=2 
D=9 supergravity theory. We shall do this in two ways. The first involves the 
massive IIA supergravity theory. At first sight it might seem that this theory 
cannot be dimensionally reduced to D=9 because the product of D=9 Minkowski 
space with S 1 is not a solution of the field equations. However, all we need is a 
solution with an abelian isometry and the massive IIA 8-brane is such a solution. 
This allows us to reduce the massive D=10 IIA theory to D=9 . We shall then 
show that exactly the same theory can be found by a Scherk-Schwarz dimensional 
reduction of the IIB supergravity theory. 

We begin by dimensionally reducing the massive IIA supergravity theory. Since 
we ultimately wish to make contact with the IIB theory via T-duality, it is conve- 
nient to use the conventions of [14], where the massless T-duality rules are given. 
Thus, the first step is to rewrite the results of section 2 in the notation of [14] . The 
field content in D=10 is given by 

{9l»,C m ,B$,Af\4} (5.1) 

where the fields C and A^> are the R-R sector fields. We refer to [14] for details 
of the notation, but we remark here that in this section only the metric signature 
is 'mostly minus' and that the hats indicate D=10 variables; the D=9 variables 
resulting from the dimensional reduction will be without hats. Our starting point 
is the following (string-frame) action, obtained by translating (2.14) into the con- 



* An alternative, equivalent, procedure would be to make use of the new Ag formulation of 
IIA supergravity to reduce to D=9 in the standard way; the resulting D=9 theory has an 
8-form potential which can be traded for a cosmological constant. 
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ventions of [14]: 



hlA=\ J d 10 Xy/^^[-R + A\4\ 2 -l\m 2 \ 
Mio 

Mu 



(5.2) 







saw 


2 ' 


5C 


= —mfj^B 



Apart from the cosmological term, all m dependent terms occur via the field- 
strength tensors of the R-R fields. As explained in section 2, the m-dependent 
terms within these curvature tensors are determined by the Stueckelberg type 
symmetries, which now read: 



(5.3) 



The m-dependence of the corresponding R-R curvatures is given by 

The m = part of the curvatures in the conventions now being used may be found 
in [14]. 

The field content of the massive D = 9 Type II theory is given by 

{fiVi^j C^p, B^l, 0, k, 1} . (5-5) 

The R-R sector fields are C,B( 2 \AW and t. The action can be obtained by 
straightforward dimensional reduction of the ten-dimensional theory and is given 
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by 



I J- J d\^e-^[-R + A\d^-\\H^ 



M 

- \d\ogk\ 2 + -k 2 \F^\ 2 + -k~ 2 \F{B)\ 2 ] + \m 2 k 

(5 6) 

- \k~\dl - mB\ 2 + \k\F^\ 2 + lk\G m \ 2 - ^- 1 |//i 2) | 2 } 
~uj G rnF(B)+4G m H^H {2) . 



Mi 



The m-dependent factors in the curvature tensors are determined by the following 
D = 9 Stueckelberg type symmetries (which follow straightforwardly from the 
D — 10 rules) 

5B = dA 

M (i),_^(i)_ mA # 
2 ' 

SB® = drP - A^dA 

SB® = A^dA + mAB^ + - V ^B ^ 
SC=-mr j ^(B^+A^B) 
S£ = mA . 

These Stueckelberg symmetries lead to the following (unique) modified curvatures 
for the R-R fields: 



F^=F^ ) + iF^ ) + m{B^-A^B 
G m = G m = + \m{B^) 2 - mB^A^B (5.8) 

H (2)_ H (2) _p H 0) _ m DD(l) 
n m — n m =0 ln m=0 mnn 



The expressions for the m = curvatures may again be found in [14]. 

We now turn to the (massless) D — 10 Type IIB theory. Its field content is 
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given by 

{h^tll^D^}, , = 1,2. (5.9) 

The R-R sector fields are £K 2 ),lM+) and I The action is given by 

Mio 

_ hail 2 - -\n {2) - in {1) \ 2 - ^\f(d)\ 2 } (s.io) 
_ JL J € ij F(D)n^n^ . 

The question now is whether, after dimensional reduction to D — 9, the mass- 
less D — 10 Type IIB theory can be mapped onto the massive D = 9 Type II 
theory found above. The standard reduction is given in [14] and leads to the mass- 
less theory in nine dimensions. Since one cannot add a cosmological constant to the 
D — 10 Type IIB theory we have to change something in the standard reduction. 
Our guiding point will be the D = 9 Stueckelberg symmetries (5.7). Once we can 
reproduce these, the action, with the exception of the cosmological term, follows 
by symmetry. 

We observe that from the IIA point of view the Stueckelberg A-transformation 
is just the x-component of the D = 10 Stueckelberg symmetry. From the IIB point 
of view it should come from a general coordinate transformation in the x direction 
since we know that £- = A for m = [14]. In order to reproduce the Stueckelberg 
A-transformations we should therefore introduce an extra x dependence in some 
of the fields of the D — 10 IIB theory. The only D = 9 fields that have an in- 
dependent A-transformation are £ and B^ 2 \A^\ We find that these R-R fields 

* Strictly speaking, there is no action for the D = 10 Type IIB theory. However, when 
properly used, the given action leads to a well-defined action in D = 9. For more details 
about this point, see e.g. [19]. 
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can be given the correct A transformation provided we introduce the following 
additional dependence linear in x: 

I = i + mx 

45 = 45 - B [A] + ™*(45 + (5.ii) 

Note that the x-dependence in £, which was introduced to reproduce the correct 
D = 9 Stueckelberg A-transformation, at the same time leads, via the kinetic term 
of £, to the desired cosmological constant in D = 9! This establishes a relation 
between the cosmological constant and the Stueckelberg symmetries. Note also 
that, although the IIB R-R fields £ and B^ depend on x, all the x-dependence 
drops out in the D = 10 IIB action. This can be seen by rewriting the ansatz for 
B^ in the following equivalent form: 

^=^ m =o + ^^o. (5-12) 

Finally, we still have to reproduce the correct rft^ Stueckelberg symmetries. 
For m = this symmetry is related to the following Type IIB gauge symmetry: 

5B {l) = cffiW 

5t) = -dtmv - idtwBW , (5 ' 13) 

4 4 

with EW = 77 W. It turns out that the following rr-dependence in E^ 2 ) reproduces 
the correct Stueckelberg symmetry given in (5.7): 

4 2) = V? } + mxrj^ . (5.14) 

This equation also follows from the requirement that the ansatz for B^ be consis- 
tent with the m = rule 5B^ = drj^\ 
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We have therefore recovered by non-trivial dimensional reduction of IIB su- 
pergravity the massive N=2 D=9 supergravity found earlier from reduction of the 
massive IIA theory. It is of interest to see how this mechanism is related to the 
Scherk-Schwarz (SS) mechanism [15]. The essential ingredient in their method was 
a global U(l) symmetry in the higher dimension. Let Q be the anti-hermitian 
generator of this U(l) symmetry and let d denote differentiation with respect to 
the KK coordinate. Then the SS mechanism can be summarised by the equation 
d = mQ. In our case the relevant U(l) group acts on I (which is periodically 
identified) by a shift, so we should require d£ = m. The solution is £ = £ + mx, 
as above. The U(l) transformation of the field strength three-forms fi must be 
such that the action (5.6) is invariant, which determines the action of Q on these 
fields. Setting d = mQ then yields a dependence of these field strengths on x that 
is consistent with the x-dependence (5.12) of the two- form potentials. 

Thus, the dimensional reduction used above is essentially an application of the 
SS method. However, the implications are rather different in the present context. 
For example, in the reduction of D=4 N=l supergravity to D=3 using the global 
chiral U(l) symmetry [15], the SS mechanism generates masses for the fermions 
but no scalar potential, thereby breaking supersymmetry. In contrast, in our case 
a cosmological constant is also generated and the full supersymmetry of the action 
is preserved by the reduction. The reason that supersymmetry is preserved can be 
traced to the fact that the fermions can be redefined in such a way that they are 
[/(l)-invariant. The specific redefinition required for this is given in Appendix A 
for the Einstein-frame fields but since the dilaton is U(l) invariant this result holds 
also for the string-frame fields. Alternatively, one can note that in the example 
given in [15] the chiral U (1) acts on the supersymmetry parameter and this triggers 
the Higgs mechanism. 

Having established that both the D = 10 massive type IIA and massless type 
IIB theory map onto the same D = 9 massive Type II supergravity theory, it is 
straightforward to determine the massive type II T duality rules. We consider here 
only the map from massive IIA to massless IIB. The m = rules are given in [14]. 
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We give here only the rules that receive an m-dependent correction. These are the 
following: 

1 = + rax 

+ mx^W + 2g^B^lg^j (5.15) 
+ mxcjxfi/gxx ■ 



6. The circularly symmetric IIB 7-brane 

The massive T-duality rules derived in the previous section are expected to 
relate IIA 8-brane solutions to IIB 7-brane solutions. Compatibility of the latter 
with the KK ansatz implies that the 7-brane solution must have circular symmetry 
in the transverse directions. We therefore begin with a construction of the general 
IIB 7-brane solution of this type that also preserves half the supersymmetry. 

The most general static circularly symmetric 7-brane metric is 

ds 2 = f 2 (r)dx ■ dx + a 2 (r) (dx + uj{r)dr) 2 + b 2 (r)dr 2 , (6.1) 

where {x} are the coordinates of 8-dimensional Minkowski spacetime (the 7-brane 
worldvolume) , the ^-coordinate is along the U(l) Killing vector field and r is a 
radial coordinate. We are free to choose the function b, and we shall choose it such 
that b = a. Next, we change coordinate from x to 

x = x + *>(r), (6.2) 

where the function k is such that 

Note that since x was an angular coordinate, so also is x. We may choose the 
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identification such that 

x ~ x + 1 . (6.4) 

The metric now reads 

ds 2 = f 2 (r)dx ■ dx + a 2 (r) [dx 2 + dr 2 ] . (6.5) 

To find supersymmetric solutions, we assume that 

£ = £{r) + rhx , 
(p = 0(r) 

where m is piecewise constant, and we set the rest of the fields equal to zero. 

Next, we substitute this ansatz into the (string frame) Killing spinor equations 



(6.6) 



5 e ij = De + -ie^(T M d M £)Te = , 
8 

5 e \ = \ (r M d M + ie^T M d M i) e = , 



(6.7) 

_ i v AJ i)y,.b i<- : Y yi n,,t \f ■ . 

and assume that e = e(r) where 

r £ e(r) = ±it r e(r) . (6.8) 



We thereby deduce that 



and 



e' ± ie^me = (6.9) 



f ± -/frh = , 
£' = 0, 
a -y =p ime^ = , 
</?' ± e^m = , 

where the prime indicates differentiation with respect to r. 
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(6.10) 



Using the last two equations in (6.10) , we have that 

d?(e-v)=0. (6.11) 

Thus we can set 

e-f = H(r) , (6.12) 

where if is a harmonic function of r, of the type described in section 4. The last 
of equations (6.10) now yields 

rh = ±H' , (6.13) 

while the remainder of equations (6.10) yields the full 7-brane solution in terms 
of H and three constants of integration, which can be removed by rescaling the 
coordinates and shifting £. This solution is 

ds 2 = H~^(r)dx ■ dx + H*(r) [dx 2 + dr 2 ] , 
e-'P = H(r) (6.14) 
i=±H'(r)x. 

The Killing spinor corresponding to this solution is given by 

e = H~se , f £ e = ±iT r e . (6.15) 



We suggest that this 7-brane solution of IIB supergravity is the field theory 
realization of the Dirichlet 7-brane of type IIB superstring theory. As a check 
on this interpretation we shall now verify that it is T-dual to the IIA 6-brane 
solution of [20]. To this end we take {x} = (v m ,u), where v m are coordinates for 
7-dimensional Minkowski spacetime (the 6-brane worldvolume) , and also take the 
ignorable coordinate u to be an angular coordinate. We can then apply (massless) 



2G 



T-duality rules of [14], in the u direction. This leads to the following solution of 
IIA supergravity: 

ds 2 = H~^(r) dv ■ dv + (r) [du 2 + dx 2 + dr 2 ] 
e -* = H*(r) (6.16) 
= ±H'(r)xdu . 

This is precisely the IIA 6-brane solution in the form given in [21], except that 
in the general 6-brane solution the harmonic function H depends on all three 
'transverse' variables (u,x,r). Thus, this is the form of the 6-brane compatible 
with a KK reduction to D=8. This is an encouraging sign that the 7-brane will 
also be T-dual to a IIA 8-brane solution, since one expects the 6-brane and 8-brane 
to be equivalent on reduction to D=8. 

In order to show that this is indeed the case we need to establish the T-duality 
of the 7-brane to the 8-brane. We shall now show that the massive T-duality rules 
that we have given in section 5 relate the IIA eight-brane of section 4 to the IIB 
seven-brane given in (6.14). Although the general massive Type II T duality rules 
are complicated they become very simple for the special solutions considered here. 
Since 

g^ = C = B^=A^ = 0, (6.17) 
for our solutions, the massive Type II T duality rules are 

j xx = 1 / 9 xx 
£ = mx 

<p = 4>- iog(-fe) 

To show that under the massive T duality rules the IIA eight brane solution 
of section 4 is T dual to the IIB seven brane solution, (6.14), we first make the 
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(6.18) 



change of notation {rr^ 1 } = (x,x) and y = r. We then wrap the eight brane in 
a compactifying direction, which we can choose to be x. The 8-brane solution is 
then as follows: 

ds 2 = H~^{r)dx ■ dx + H~^(r)dx 2 + H^(r)dr 2 , 

= H 5 (r) (6.19) 
M = ±H'(r) , 

It is now straightforward to show that the T-duality rules, (6.18), applied to the 
x direction, take the IIA eight brane solution to the IIB seven brane solution. 
The equivalence of eight and seven branes is a non-trivial check of our massive 
T-duality rules. 

7. Superstrings and Supermembranes 

The metric and dilaton (a) of the RR p-brane solutions of D=10 IIA or IIB 
supergravity were shown in [21], for p < 6, to be expressible in the form 

ds 2 = H^d 2 s p+ i + H^dy ■ dy 
< = If' >' , 

where d 2 s p+ i is the Minkowski (p+l)-metric, dy ■ dy is the Euclidean metric on 
the 'transverse' space M 9_p , and H is a harmonic function on this space, apart 
from point singularities. Here we have found new IIB 7-brane solutions that are 
also of this form and we have shown that they are related by T-duality both to the 
IIA KK 6-brane and to the IIA 8-brane, of which we have also given the general 
solution preserving half the supersymmetry. This 8-brane solution can also be put 
in the above form. One advantage of the this form of the solutions is that the T- 
duality between the RR p-branes and the RR (p+l)-branes, after compactification 
on S 1 , is an almost immediate consequence of the T-duality rules of [14], at least 
for p < 6. The relationship between the 7-brane and the 8-brane solutions is more 
subtle, as we have seen, because it involves the comparison in D=9 via a previously 
unknown massive N=2 D=9 supergravity theory. 
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So far, the context of our discussion has been that of supergravity rather than 
superstring theory. A new feature of the IIB superstring theory is its conjectured 
57(2; Z) U-duality which requires, in particular, that the pseudoscalar I be period- 
ically identified, i.e. that it take values in S 1 . Without loss of generality we can 
suppose that the identification is such that 

+ l (7.2) 

Returning now to the ansatz (6.6), we note that since x~x + l, the consistency 
of this ansatz requires rh to be an integer. Of course, since rh is not dimensionless, 
this result holds only for a particular choice of units. Such a choice is implicit 
in the choice of periodicity of x. If the period is chosen to be Rb, which can 
be interpreted as the radius of the compact dimension, one finds that the unit of 
quantization of rh is 1/Rb- That is*, 

for integer n. Recall now that the equivalence of the 7-brane with the 8-brane 
under T-duality requires that m = rh. This means, assuming IIB U-duality, that 
the IIA 8-brane solution can be mapped to a IIB 7-brane solution by T-duality only 
if the cosmological constant m of the massive IIA theory is quantized as above, i.e. 
each time one passes through a IIA 8-brane the cosmological constant must jump 
by an integer multiple of basic unit 1/ Rb- 

The single 8-brane solution should be related to the Dirichlet 8-brane of [2]. 
This is a string background in which open string states arise with fixed (Dirichlet) 
boundary conditions that are imposed in one space-like dimension at one or both 



* "Note added in proof: we have implicitly assumed that the IIB string coupling constant gs 
is unity. As recently shown [22] the right hand side should be replaced by fi/gsRs when 
Sb =/= 1; the T-duality transformation between qb and the IIA string coupling constant §a 
then leads to a quantization condition of the form m <~ n/ '(jiv'a') in which the IIA mass 
parameter is expressed entirely in IIA terms. 
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ends of the string. These conditions restrict at least one of the end-points of open 
strings to lie in the nine-dimensional worldvolume of an 8-brane. The 8-brane 
couples to a 9-form gauge field with a ten-form field strength Fiq. If the new 
IIA supergravity constructed here is indeed the effective field theory of the IIA 
superstring in the presence of this 10-form field strength then it should be possible 
to recover the Lagrangian (3.8) by string theory considerations. Neglecting terms 
of order B 2 , which in any case follow from gauge invariance, the only term in (3.8) 
that is linear in Fio is proportional to 

(eF w )dA ■ B . (7.4) 

This is the crucial term that has to be reproduced in string theory. There is a ver- 
tex operator in the RR sector of the type IIA theory that couples a ten-form field 
strength to the worldsheet. This vertex operator has the form FiqSS, where S is 
the spacetime spinor worldsheet field of the spacetime supersymmetric worldsheet 
action. There are non-trivial tree diagrams that mix Fio with fields from the RR 
and NSNS sectors, producing a term of the form (7.4), as required. The require- 
ments of gauge invariance suggest that a more systematic consideration of string 
theory in the presence of D-branes would produce the full effective Lagrangian 
(3.8). 

Since all the p-brane solutions of D=10 IIA supergravity for p < 8 can be 
viewed as arising from some 11-dimensional supermembrane theory, or 'M-theory', 
[23,21,24,25,26] it would be surprising if the 8-brane did not also have an 11- 
dimensional interpretation. The obvious possibility is that the D=10 8-brane is 
the double-dimensional reduction of a D=ll supersymmetric 9-brane. Such an 
object would be expected (see [1]) to carry a 9-form 'charge' appearing in the 
D=ll supertranslation algebra as a central charge. This is possible because the 
2-form charge normally associated with the D=ll supermembrane is algebraically 
equivalent to a 9-form. It is not easy to see how to implement this idea, however, 
since there is no 'massive' D=ll supergravity theory. One possibility is suggested 
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by the recent interpretation [26] of the heterotic string as an S 1 /^ compactified 
M-theory. Since the compactification breaks half the supersymmetry and the com- 
pactifying space is actually the closed interval, the two D=10 spacetime boundaries 
might be viewed as the worldvolumes of two D=ll 9-branes. 

Less ambitiously, one could try to relate the massive IIA supergravity theory to 
D=ll supergravity via some lower dimension, in the same way that the IIB theory 
is related to it via reduction to D=9. In fact, this can be done by compactification 
to D=8. To see this we first observe that there is clearly a new massive N=2 D=8 
supergravity theory obtainable either from the massive N=2 D=9 theory (by the 
same procedure used to obtain the latter from the massive IIA theory in D=10) 
or from the massless N=2 D=9 theory by Scherk-Schwarz dimensional reduction 
(using the global U(l) symmetry inherited from the D=10 IIB theory). Thus, 
solutions of this massive N=2 D=8 supergravity theory should be liftable to D=9 
as solutions of either the massless or the massive N=2 D=9 supergravity theory. 
However, solutions of the latter are also solutions of the massive D=10 IIA theory 
while solutions of the former are also solutions of D=ll supergravity. 

In light of this we may now ask to what solution of D=ll supergravity does 
the 8-brane solution of the massive IIA theory correspond? According to the above 
procedure we should first double dimensionally reduce the 8-brane to D=8, where 
it can be interpreted as a 6-brane. This 6-brane solution can of course be lifted 
to D=9 as a 7-brane solution of the massive N=2 D=9 supergravity theory, but 
we expect that it can also be lifted to D=9 as a 6-brane solution of the massless 
N=2 D=9 theory which can then be lifted to D=10 as the 6-brane solution of the 
massless IIA theory*. As shown in [21], this 6-brane solution is a non-singular 
solution of D=ll supergravity analogous to the D=5 KK monopole. Thus the 
M-theory interpretation of the massive IIA 8-brane would appear to be as the KK 
6-brane, at least on compactification from D=ll to D=8. 



* It can also be considered as a 7-brane solution of the S^-compactified IIB theory. 
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APPENDIX: An SL(2, R) -formulation of D = 10 Type IIB Supergravity 

In section 5 we used the supersymmetry transformations of type IIB super- 
gravity in ten dimensions in a rather simple form. In this appendix we present the 
relation of our formulation to that given in [27]. Since we make no reference to 
D=9 fields in this section we shall drop the hats on the D=10 fields. 

The scalars of IIB supergravity parametrize the SU(1, 1)/Z7(1) coset. They 
form an SU (1,1) doublet, and under the local U(l) they transform, with weight 
— 1, as follows: 

4>' a = expHA)0 Q . (7.5) 

Here a = 1,2 and 4> a satisfies |0i| 2 — |02| 2 = 1- The complex fermions ip^ and A 
have U(l) weights —1/2 and —3/2 respectively. 

The first step, also worked out in [27], is to fix a U(l) gauge by chosing 0i real: 

01 = (00* 1 



V » (™) 

09 = — - . 

This gauge choice is not invariant under SU (1, 1) or supersymmetry, which requires 
redefinition of these symmetries with compensating U(l) transformations. The 
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complex field $ can be written as 



The SL(2, M) transformations of r are now given by: 

t' = ^1 , ad-bc=l. (7.8) 
a + br 

In [14,28] an action for the bosonic part of IIB supergravity was given in terms 
of the real scalars £ and <p, where if was identified as the dilaton. Even though 
this bosonic action is simple, supersymmetry still is quite complicated if no further 
redefinitions are made. In particular, the variation of the gravitino still contains 
the composite U(l)-gauge field Q^, which is a complicated function of r. Also, the 
transformation rule of A is nonlinear. 

The following redefinitions of the Type IIB fermions simplifies matters consid- 
erably: 

= expt-i^rr))^, 
e = exp(-±i0(z))e, (7.9) 
A = exp (-^i9(x)) A , 
where the function 9(x) is defined by 

1 — IT 

exp(-2i0(a;)) = — -. (7.10) 
The SL{2, R) transformations of tp, e, A are as follows: 



(7.11) 



l 

'a + br*\ 4_ 

Note that the redefined fermions are invariant under the abelian subgroup of 
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<S7(2;R) denned by setting a — d — 1, b — 0. This subgroup, which acts on r 
as r' = r + c, is the group used for SS dimensional reduction in section 5. 

The redefinition (7.9) leads to the following simplified, Einstein frame, super- 
symmetry transformations (now omitting the tildes): 

5el = ier a W + h.c., 

= ?V + i ee *V - TM r(5)r M ei71 ( 5) 



(7.12) 



A3) ' 

SA^xp = ieT [ ^ p] + h.c. - QeijB^JB^ , 
(Jsg) = i (e-vl 2 + ^/ 2 ) (eT^ - \ e I>A) + h.c. , 
= | e^ 2 (eT^] - i e r^A) + h.c. , 

<sa = Jrv (d^ + ie^e) 

+ i r ( 3 ) ce <P/ 2 - £i/( 2 ) - <e-^ 2 )) , 

^ = ie-^eA* + h.c. , 
= e A* + h.c. . 

The covariant derivative Ve in the variation of the gravitino contains only the 
gauge field of local Lorentz transformations but no composite £7(1) gauge field Q p . 
Due to the redefinitions of the fermions the only remnant of is a single e^di 
term. The three-forms if W, i — 1,2 are the field strengths of the two-form gauge 
fields £>W. The field strength satisfies a self-duality condition, and is given by 

= d { ,A vXpa] - Ge^Xi] ■ ( 7 - 13 ) 

The above transformation rules should still be completed with terms bilinear in 
the fermion fields. In principle these can be constructed from the results of [27], 
using the redefinitions given above. 
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